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IDENTITIES FOR HYPERCONVEX ANOSOV
REPRESENTATIONS
YAN MARY HE
Abstract. In this paper, we establish Basmajian’s identity for (1, 1, 2)-
hyperconvex Anosov representations from a free group into PGL(n,R).
We then study our series identities on holomorphic families of Can-
tor non-conformal repellers associated to complex (1, 1, 2)-hyperconvex
Anosov representations. We show that the series is absolutely summa-
ble if the Hausdorff dimension of the Cantor set is strictly less than
one. Throughout the domain of convergence, these identities can be
analytically continued and they exhibit nontrivial monodromy.
1. Introduction
If C ⊂ [0, 1] is a Cantor set of zero measure, then an, the length of the nth
biggest component of [0, 1]− C, satisfy an identity
1 =
∞∑
n=1
an.
For a family of Cantor sets Cz ⊂ C depending holomorphically on a complex
parameter z, we obtain by analytic continuation a formal holomorphic family
of identities
S(z) =
∞∑
n=1
an(z).
Thus it is natural to investigate the conditions under which the right-hand-
side is absolutely summable.
In [5], we studied holomorphic families of Cantor sets Cz associated to
familiar conformal dynamical systems, and introduced identities of this form
for such families, of which a special case is Basmajian’s identity for hyperbolic
surfaces.
In contrast, in this paper, we introduce identities of this form for holomor-
phic families of Cantor non-conformal repellers Cz on the complex projective
space P(Cn) which are associated to certain Anosov representations. We
show that the right hand sides are absolutely summable if the Hausdorff
dimension of Cz is strictly less than 1.
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2 YAN MARY HE
A special case of these identities, where Cz ⊂ P(Rn), generalizes Basma-
jian’s identity for hyperbolic manifolds to real hyperconvex Anosov repre-
sentations.
1.1. Identities for real (1, 1, 2)-hyperconvex Anosov representations.
If Σ is a connected compact oriented hyperbolic surface with geodesic bound-
ary, an orthogeodesic γ ⊂ Σ is a properly immersed geodesic arc perpendic-
ular to ∂Σ. Basmajian ([1]) proved the following identity:
(1.1) length(∂Σ) =
∑
γ
2 log coth2
(
length(γ)
2
)
where the sum is taken over all orthogeodesics γ in Σ. The geometric mean-
ing of this identity is that there is a canonical decomposition of ∂Σ into
a Cantor set (of zero measure), plus a countable collection of complemen-
tary intervals, one for each orthogeodesic, whose length depends only on the
length of the corresponding orthogeodesic.
For simplicity, one can look at surfaces with a single boundary component.
A hyperbolic structure on Σ is the same as a discrete faithful representation
ρ : pi1Σ → PSL(2,R) acting on the upper half-plane model in the usual
way. After conjugation, we may assume that ρ(∂Σ) stabilizes the positive
imaginary axis `.
Orthogeodesics correspond to double cosets of pi1(∂Σ) in pi1Σ. For each
nontrivial double coset pi1(∂Σ)wpi1(∂Σ), the hyperbolic geodesic w(`) cor-
responds to another boundary component of Σ˜, and the contribution to
Basmajian’s identity from this term is log[∞, 0, ρ(w)(∞), ρ(w)(0)], where
[a, b, c, d] is the cross ratio on RP1; hence
length(∂Σ) =
∑
w
log[∞, 0, ρ(w)(∞), ρ(w)(0)].
If n ≥ 3 and ρ : pi1Σ → PGL(n,R) is (1, 1, 2)-hyperconvex in the sense
of Pozzetti-Sambarino-Wienhard [10], then we establish in this paper the
following Basmajian’s identity:
(1.2) `ρ(ρ([∂Σ])) =
∑
w
logCρ(α
+
1 , α
−
1 , w · α+1 , w · α−1 )
where `ρ is a notion of length with respect to ρ, Cρ is a cross ratio defined for
four points on the boundary at infinity ∂pi1Σ of the hyperbolic group pi1Σ and
α±1 are the (attracting and repelling) fixed points of [∂Σ] on ∂pi1Σ. More-
over, if ρ is Hitchin (which is (1, 1, 2)-hyperconvex), equation (1.2) recovers
Vlamis-Yarmola’s identity [11].
1.2. Complexified identities. If we deform a real (1, 1, 2)-hyperconvex
Anosov representation ρ : pi1Σ → PGL(n,R) by a small deformation to
some nearby representation ρz : pi1Σ → PGL(n,C), and replace each ρ by
ρz above, we obtain a formula for the complex length of ρz([∂Σ]). This is the
desired complexification of our identity (1.2).
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Since the right-hand-side of the identity is an infinite series, it would not
make sense unless we address the convergence issue. More specifically, we
need to find a subspace in the PGL(n,C)-character variety on which the
right-hand-series is absolutely convergent. This is where the main technical
difficulty lies because the size of the terms in the right-hand-side series are
determined by the cross ratios of points in the limit set of ρ, which can be
thought of as the repeller of the projective action of ρ(pi1Σ) on the projective
space P(Cn). For Anosov representations, this action on the projective space
is non-conformal and it is the lack of conformality that makes it hard to
understand the limit set.
In a recent paper ([10]), Pozzetti-Sambarino-Wienhard introduced and
studied a class of Anosov representations, namely the (1, 1, 2)-hyperconvex
Anosov representations. For this class of Anosov representations, the projec-
tive action of ρ(pi1Σ) on P(Cn) admits enough local conformality and there-
fore the behavior and the Hausdorff dimension of the limit set of ρ can be
understood.
For this reason, we consider the deformation space S of characters ρ :
pi1Σ→ PGL(n,C) which are (1, 1, 2)-hyperconvex.
It turns out that the series makes sense, and is absolutely convergent,
throughout the subset S<1 of S where the Hausdorff dimension of the limit
set of ρz is less than one. Since log is multivalued, it is important to choose
the correct branch at a real representation, and then follow the branch by
analytic continuation. The space S<1 is not simply-connected and some
terms exhibit monodromy (in the form of integer multiples of 2pii) when
they are analytically continued around homotopically nontrivial loops.
1.3. Statement of results. The first main theorem of our paper is the
following Basmajian’s identity for real (1, 1, 2)-hyperconvex Anosov repre-
sentations.
Theorem 3.1. Let Σ be a connected compact oriented hyperbolic surface
with geodesic boundaries a1, · · · , ak whose double has genus at least 2. Let
α1, · · · , αk ∈ pi1Σ represent the free homotopy classes of a1, · · · , ak. If ρ :
pi1Σ→ PGL(n,R) is (1, 1, 2)-hyperconvex, then
(1.3)
k∑
j=1
`ρ(ρ(αj)) =
k∑
j,q=1
∑
w∈Lj,q
logCρ(α
+
j , α
−
j ;w · α+q , w · α−q )
where α+j , α
−
j are the attracting and repelling fixed points of αj, respectively.
Furthermore, if ρ is Hitchin, it is Vlamis-Yarmola’s identity.
Here Lj,q is a set of double coset representatives associated to boundary
components aj and aq, and `ρ and Cρ denote certain length and cross ratio
associated to ρ respectively.
Our next theorem concerns the complexification of our identity (1.3).
More precisely,
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Theorem 5.1 (Complexified identities). Let Σ be a connected compact ori-
ented hyperbolic surface with geodesic boundaries a1, · · · , ak whose double has
genus at least 2. Let α1, · · · , αk ∈ pi1Σ represent the free homotopy classes
of a1, · · · , ak. If ρ0 : pi1Σ → PGL(n,R) is (1, 1, 2)-hyperconvex and ρ is in
the same path component as ρ0 in S<1, then
(1.4)
k∑
j=1
`ρ(ρ(αj)) =
k∑
j,q=1
∑
w∈Lj,q
logCρ(α
+
j , α
−
j ;w · α+q , w · α−q ) mod 2pii,
where α+j , α
−
j are the attracting and repelling fixed points of αj, respectively.
Moreover, the series converges absolutely.
Here `ρ and Cρ denote the complex length and complex cross ratio respec-
tively, and S<1 is the space of (1, 1, 2)-hyperconvex Anosov representations
ρ : pi1Σ → PGL(n,C) whose limit set ζ1(∂pi1Σ) has Hausdorff dimension
strictly smaller than one.
The key ingredient in the proof of the above theorem are the following
analytic results.
Proposition 5.4. Given a (1, 1, 2)-hyperconvex Anosov representation ρ :
pi1Σ → PGL(n,C), the series in (1.3) converges absolutely if the Hausdorff
dimension of the limit set ζ1(∂pi1Σ) is strictly less than one.
Throughout the domain of convergence, we wish to extend the identity
via analytic continuation. To this end, we show that the series is uniformly
convergent on compact subsets of S<1 and therefore defines a holomorphic
function on S<1.
Proposition 5.7. Let ρt : pi1Σ→ PGL(n,C), t ∈ [0, 1] be a deformation of a
real (1, 1, 2)-hyperconvex representation ρ0 in S<1. Then the series in (1.3)
is uniformly convergent on [0, 1].
1.4. Strategy of proofs. The proof of our identities for real hyperconvex
Anosov representations follows the same decomposition idea as that of Bas-
majian’s identity; that is, we show that there is a canonical decomposition
of an interval in R into a Cantor set of measure zero, plus a countable col-
lection of complementary intervals, one for each orthogeodesic, whose length
is given by log of the corresponding cross ratio. In the setting of Anosov
representations, our proof adopts the same procedure as Vlamis-Yarmola’s
proof of Basmajian’s identity for Hitchin representations.
Our main analytic result — the relation between the growth rate of the
terms in the right-hand-side of the identities and the Hausdorff dimension —
is proved by using techniques developed by Pozzetti-Sambarino-Wienhard.
The main geometric idea is that the size of the terms in the identity can be
related to the ratio of singular values σ2σ1 (ρ(w)) which are the terms in the
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Poincaré series
η(s) =
∑
γ∈Γ
(
σ2
σ1
(ρ(γ))
)s
.
Pozzetti-Sambarino-Wienhard showed that for (1, 1, 2)-hyperconvex Anosov
representations, the critical exponent of η(s) equals the Hausdorff dimension
of the limit set.
1.5. L-functions and counting results. In light of Dirichlet’s unit theo-
rem, we suggested in [5] that the study of families of Basmajian-type identi-
ties is analogous to the idea of studying L-functions expressed in series form.
In [6], we implemented this idea and obtained the first set of results in this
direction, namely, the prime number theorems for Basmajian-type identities.
In the context of Anosov representations, we expect that one could obtain
similar counting and equidistribution results.
1.6. Organization of the paper. The paper is organized as follows. In
section 2 we set up necessary background. In particular, we define the de-
formation space and discuss complex cross ratios and complex lengths for
Anosov representations. We prove our identities for real (1, 1, 2)-hyperconvex
Anosov representations in section 3. In section 4 we review elements of the
Pozzetti-Sambarino-Wienhard paper and introduce the main technical tools
and estimates we will need. Finally, in section 5 we prove the main theorem
Theorem 5.1. In section 6, we discuss monodromy of loops and the topology
of S<1.
1.7. Acknowledgements. I would like to thank Antonin Guilloux and An-
dres Sambarino for helpful conversations. I thank Beatrice Pozzetti for point-
ing out an error in Proposition 5.4. I thank Binbin Xu for patiently answering
my basic questions regarding Anosov representations.
2. Background
In this section, we set up necessary background for establishing identi-
ties for hyperconvex Anosov representations. In particular, in subsection
2.1, we review the basics of Hitchin representations and introduce a spe-
cial class of Anosov representations of a free group into PGL(n,C), namely
the (1, 1, 2)-hyperconvex Anosov representations in the sense of Pozzetti-
Sambarino-Wienhard [10]. This class of Anosov representations will serve as
our deformation space.
To complexify both sides of the identity, we need to consider complex
cross ratios and complex length of any nontrivial element in the fundamental
group. We discuss these topics in subsections 2.2 and 2.3 respectively. In
the last subsection, we discuss how to represent orthogeodesics algebraically
by words in the fundamental group.
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2.1. A space of Anosov representations. Let Σ be a connected compact
oriented surface with boundary whose double Σˆ has genus at least 2.
A homomorphism ρ : pi1Σ → PSL(2,R) is Fuchsian if it is discrete faith-
ful and convex cocompact. A homomorphism ρ : pi1Σ → PSL(n,R) is n-
Fuchsian if ρ = ι◦ρ0 where ι : PSL(2,R)→ PSL(n,R) is the irreducible rep-
resentation and ρ0 is Fuchsian. An element in PSL(n,R) is purely loxodromic
if all its eigenvalues have multiplicity 1. Following Labourie and McShane
[9], we say that a homomorphism ρ : pi1Σ → PSL(n,R) is a Hitchin homo-
morphism if it can be deformed into an n-Fuchsian homomorphism such that
the image of each boundary component stays purely loxodromic. A Hitchin
representation is the conjugacy class of a Hitchin homomorphism. Labourie-
McShane ([9], Corollary 9.2.2.4) showed that every Hitchin representation ρ
for Σ is the restriction of a Hitchin representation ρˆ for the closed surface Σˆ.
Let K = R or C. Given an integer p with 1 ≤ p ≤ n−1, denote by Gp(Kn)
the Grassmannian of p-dimensional subspaces of Kn. A homomorphism
ρ : pi1Σ → PGL(n,K) is {ap}-Anosov if there exist ρ-equivariant Hölder
maps (ζpρ , ζn−pρ ) : ∂pi1Σ→ Gp(Kn)×Gn−p(Kn) such that for any x, y ∈ ∂pi1Σ
with x 6= y, we have
ζpρ(x)⊕ ζn−pρ (y) = Kn,
and a suitable associated flow is contracting (see [3], [7], [10] for details). To
simplify notation, we write ζp = ζpρ if the representation is understood. An
a1-Anosov representation is also called a projective Anosov representation.
We remark that the boundary at infinity ∂pi1Σ of pi1Σ is defined to be
the intersection U¯ ∩ ∂H2, where U is the universal cover of Σ. This defi-
nition is independent of the choice of a hyperbolic metric on Σ since there
exists a unique pi1Σ-equivariant Hölder homeomorphism between the limit
sets ρ1(pi1Σ) and ρ2(pi1Σ) where ρ1 and ρ2 are two hyperbolic metrics. This
fact also gives ∂pi1Σ a Hölder structure by embedding it in different ways
as a limit set. Moreover, ∂pi1Σ inherits a metric from S1∞ = ∂H2 and the
fundamental group pi1Σ acts as Hölder homeomorphisms on ∂pi1Σ.
Let p, q, r ∈ {1, · · · , n − 1} be integers such that p + q ≤ r. Following
Pozzetti-Sambarino-Wienhard ([10]), we say that a representation ρ : pi1Σˆ→
PGL(n,K) is (p, q, r)-hyperconvex if it is {ap, aq, ar}-Anosov and for every
triple of pairwise distinct points x, y, z ∈ ∂pi1Σ, we have
(ζp(x)⊕ ζq(y)) ∩ ζn−r(z) = {0}.
A Hitchin representation ρ : pi1Σˆ → PSL(n,R) is (p, q, r)-hyperconvex for
any p+ q = r ([7] or [10] Theorem 9.5).
In this paper, we consider the space S of (1, 1, 2)-hyperconvex Anosov
representations ρ : pi1Σ → PGL(n,C). Note that S is open in the char-
acter variety as the set of (1, 1, 2)-hyperconvex representations is open in
Hom(pi1Σ,PGL(n,C)). If ρ is conjugate to a representation into PGL(n,R),
we call such ρ a real (1, 1, 2)-hyperconvex Anosov representation.
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We define the space S<1 to be the set of characters ρ ∈ S such that the
Hausdorff dimension of the limit set ζ1ρ(∂pi1Σ) is strictly smaller than one.
We note that S<1 is open in Hom(pi1Σ,PGL(n,C)) as the set of (1, 1, 2)-
hyperconvex representations is open in Hom(pi1Σ,PGL(n,C)) and the Haus-
dorff dimension of the limit set is an analytic function on S ([10], Corollary
1.1).
2.2. Cross ratios. In this subsection, we define a cross ratio for four points
on the boundary ∂pi1Σ which is a natural complexification of Labourie’s cross
ratio (see [8], [9]). This is achieved by using the transverse limit maps of a
projective Anosov representation which take points of ∂pi1Σ into the projec-
tive spaces, and then taking the cross ratio considered by Falbel-Guilloux-
Will [4] that we introduce now.
Let n ≥ 3 be an integer and denote by Cn∗ the dual of Cn. Consider two
non-empty sets Ω ⊂ P(Cn) and Λ ⊂ P(Cn∗) such that
ϕ(ω) 6= 0
for any ω ∈ Ω and ϕ ∈ Λ. In other words, Ω is disjoint from all hyperplanes
defined by points in Λ.
Let (ϕ,ϕ′, ω, ω′) ∈ Λ2 ×Ω2 with ω 6= ω′ so that ω and ω′ span a complex
projective line (ωω′). In [4], Falbel-Guilloux-Will considered the following
cross ratio
[ϕ,ϕ′, ω, ω′]FGW = [ϕω,ω′ , ϕ′ω,ω′ , ω, ω
′]
where ϕω,ω′ and ϕ′ω,ω′ are the points ker(ϕ) ∩ (ωω′) and ker(ϕ′) ∩ (ωω′) in
(ωω′) respectively, and [a, b, c, d] is the usual cross ratio for four distinct
points in CP1 = (ωω′), namely [a, b, c, d] = (a− c)(b− d)/(a− d)(b− c).
The FGW-cross ratio satisfies the following properties.
Lemma 2.1 ([4], Lemma 2.3, Propsition 2.4). Given (ϕ,ϕ′, ω, ω′) ∈ Λ2×Ω2,
the cross ratio [ϕ,ϕ′, ω, ω′]FGW satisfies
[ϕ,ϕ′, ω, ω′]FGW =
ϕ¯(ω¯)ϕ¯′(ω¯′)
ϕ¯(ω¯′)ϕ¯′(ω¯)
where ϕ¯, ϕ¯′, ω¯ and ω¯′ are the lifts of ϕ,ϕ′, ω and ω′. Moreover, if ω, ω′, ω′′
are three points in Ω and ϕ,ϕ′, ϕ′′ are three points in Λ, we have
(1) [ϕ,ϕ′, ω, ω′]FGW = 1 if and only if ϕ = ϕ′ or ω = ω′,
(2) [ϕ,ϕ′, ω, ω′]FGW = [ϕ,ϕ′, ω, ω′′]FGW [ϕ,ϕ′, ω′′, ω′]FGW , and
(3) [ϕ,ϕ′, ω, ω′]FGW = [ϕ,ϕ′, ω′, ω]−1FGW .
Now we define a cross ratio for four points on the boundary ∂pi1Σ. Let
ρ : pi1Σ→ PGL(n,C) be a (1, 1, 2)-hyperconvex Anosov representation with
limit maps ζ1 and ζn−1. The complex cross ratio is a continuous function
Cρ : (∂pi1Σ)
4∗ → R given by
Cρ(x, y, u, v) = [ζ
n−1(x), ζn−1(y), ζ1(u), ζ1(v)]FGW .
We note that if ρ : pi1Σ→ PSL(n,R) is Hitchin, then Cρ is Labourie’s cross
ratio.
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Since Σ is oriented, ∂pi1Σ which can be identified as a subset of ∂H2
inherits a cyclic ordering from the orientation of Σ. For convention, we
choose the orientation to be counterclockwise. We say that a quadruple
(x, y, z, w) is cyclically ordered if the triples (x, y, z), (y, z, w) and (z, w, x)
are either all positively oriented or negatively oriented.
Lemma 2.2. Let ρ : pi1Σ → PGL(n,R) be (1, 1, 2)-hyperconvex. The cross
ratio Cρ satisfies the following properties
(1) Cρ(x, y, u, v) = 0 ⇐⇒ x = u or y = v.
(2) Cρ(x, y, u, v) = 1 ⇐⇒ x = y or u = v.
(3) Cρ(x, y, u, v) = Cρ(x, y, u, v′)Cρ(x, y, v′, v)
(4) Cρ(x, y, u, v) = Cρ(x, y, v, u)−1
(5) For any cyclically ordered quadruple (x, v, u, y) ∈ (∂pi1Σ)4∗, we have
Cρ(x, y, u, v) > 1.
Proof. (1)-(4) can be checked directly by definition and Lemma 2.1. (5)
follows from the fact that hyperconvex Anosov representations are positive.

Lemma 2.3. If {ρz} is a holomorphic family of projective Anosov represen-
tations, then for any fixed four points x, y, u, v ∈ ∂pi1Σ, the complex cross
ratio Cρz(x, y, u, v) is holomorphic in z.
Proof. The lemma follows from the theorem that the limit maps ζ1ρz and
ζn−1ρz are holomorphic in z ([3], Theorem 6.1; see also [2] section 6). 
2.3. Complex length and complex period. Given a projective Anosov
representation ρ : pi1Σ → PGL(n,C), the complex length of any nontrivial
element γ ∈ pi1Σ is defined, up to 2pii, as
`ρ(γ) = log
(
λ1(ρ(γ))
λn(ρ(γ))
)
.
The complex period of a nontrivial element γ ∈ pi1Σ is defined, up to 2pii, as
Pρ(γ) = logCρ(γ
+, γ−, x, γx)
where x is any point in ∂pi1Σˆ \ {γ+, γ−}.
If ρ is a real projective Anosov representation, then the complex length and
complex period become the usual notion of lengths and periods. Moreover,
similar to the real case proved by Labourie ([8], Proposition 5.8), the complex
period of a nontrivial element equals its complex length.
Lemma 2.4. For any nontrivial element γ ∈ pi1Σ, Pρ(γ) = `ρ(γ).
Proof. Straightforward calculation. 
Lemma 2.5. If {ρz} is a holomorphic family of projective Anosov repre-
sentations, then for a fixed γ ∈ pi1Σ, the complex length function `ρz(γ) is
holomorphic in z.
Proof. Since the eigenvalues λ1 and λn of the matrix ρz(γ) ∈ PGL(n,C)
varies holomorphically with z, `ρz(γ) is holomorphic in z. 
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2.4. Orthogeodesics and double cosets. In this subsection, we show that
orthogeodesics on a compact hyperbolic surface with boundary Σ correspond
to certain double cosets of pi1Σ.
Let α1, · · · , αk ∈ pi1Σ represent the free homotopy classes of boundary
geodesics a1, · · · , ak, respectively. Denote Hj ..= 〈αj〉, the subgroup of pi1Σ
generated by αj . Let DC(Σ) denote the set of double cosets of the form
HpwHq where w ∈ pi1Σ is not in Hp ∩ Hq, for p, q = 1, · · · , k. Denote by
[w]p,q the class of the double coset HpwHq.
Proposition 2.6 ([5]). There is a bijection
Φ : DC(Σ)→ {Orthogeodesics on Σ}.
Let S be a symmetric generating set of pi1Σ. Choose an ordering on S.
This determines a unique reduced lexicographically first (RedLex) represen-
tative w of each double coset HpwHq. Let Lp,q be the set of nontrivial
RedLex double coset representatives for fixed p, q. Then the set
L ..=
∐
1≤p,q≤k
Lp,q
is naturally in bijection with the set of orthogeodesics on M .
3. Identities for real (1, 1, 2)-hyperconvex Anosov
representations
Let Σ be a connected compact oriented surface with boundary whose
double Σˆ has genus at least 2. In this section, we generalize Basmajian’s
identity for hyperbolic manifolds to (1, 1, 2)-hyperconvex Anosov represen-
tations ρ : pi1Σ → PGL(n,R). If ρ is Hithcin, we recover Vlamis-Yarmola’s
identity ([11]).
Theorem 3.1. Let Σ be a connected compact oriented hyperbolic surface
with geodesic boundaries a1, · · · , ak whose double has genus at least 2. Let
α1, · · · , αk ∈ pi1Σ represent the free homotopy classes of a1, · · · , ak. If ρ :
pi1Σ→ PGL(n,R) is (1, 1, 2)-hyperconvex, then we have
(3.2)
k∑
j=1
`ρ(ρ(αj)) =
k∑
j,q=1
∑
w∈Lj,q
logCρ(α
+
j , α
−
j ;w · α+q , w · α−q )
where α+j , α
−
j are the attracting and repelling fixed points of αj, respectively.
Furthermore, if ρ is Hitchin, it is Vlamis-Yarmola’s identity.
The rest of this section is devoted to the proof of the theorem. The proof
follows the same general idea as Basmajian’s; namely, we decompose an inter-
val (in R) into a set of measure zero which corresponds to the limit set, plus a
countable collection of disjoint intervals, one for each orthogeodesic (double
coset), whose length is given by log of the corresponding cross ratio. In the
context of Anosov representations, our proof adopts the same strategies as
Vlamis-Yarmola’s proof of Basmajian’s identity for Hitchin representations.
10 YAN MARY HE
3.1. The limit set has measure zero. Let S be a closed hyperbolic surface
and Σ ⊂ S a connected incompressible subsurface. A hyperbolic structure on
S gives an identification of the boundary at infinity ∂pi1S with S1 = ∂∞H2,
under which ∂pi1Σ has measure zero with respect to the Lebesgue measure
on S1. In this subsection, we obtain an analogous result for the limit set
associated to a real (1, 1, 2)-hyperconvex Anosov representation of pi1S.
If ρ : pi1S → PGL(n,R) is (1, 1, 2)-hyperconvex, then the limit set ζ1(∂pi1S)
is a C1+α-submanifold of P(Rn) ([12], Theorem 1.1). Let ηρ : S1 → ζ1(∂pi1S)
be a C1-parametrization with α-Hölder derivative and let λ be the Lebesgue
measure on S1. We define a measure µρ on ∂pi1S by setting
µρ = ((ζ
1)−1 ◦ ηρ)∗λ.
Proposition 3.3. Let S be a closed hyperbolic surface and Σ ⊂ S a con-
nected incompressible subsurface. Let ρ be a real (1, 1, 2)-hyperconvex Anosov
representation of pi1S. If µρ is the pushforward of the Lebesgue measure on
∂pi1S, then viewing ∂pi1Σ ⊂ ∂pi1S, we have
µρ(∂pi1Σ) = 0.
Proof. Vlamis-Yarmola’s proof ([11], section 3) works verbatim here. The
property of the limit set used in their proof is that it is a C1+α-submanifold of
P(Rn). This is also the case for real (1, 1, 2)-hyperconvex representations. 
3.2. Decomposition: proof of the theorem. Recall that for a hyperbolic
surface S with or without boundary, ∂pi1S inherits an ordering from ∂∞H2.
For any u, v ∈ ∂pi1S, we define
(u, v) = {w ∈ ∂pi1S | (u,w, v) is positive}
Given a loxodromic element α ∈ pi1S with fixed points α± ∈ ∂pi1S and a
reference point y ∈ (α+, α−) ⊂ pi1S, we define a function Fρ : (α+, α−)→ R
by
Fρ(x) = logCρ(α
+, α−;x, y).
Note that Cρ(α+, α−;x, y) is positive by Lemma 2.2.
Lemma 3.4. The map Fρ is a homeomorphism onto its image and it is
surjective if S is closed.
Proof. Our proof follows the same lines as the proof of Lemma 6.1 in [11].
We first show Fρ is injective. If Cρ(α+, α−, x, y) = Cρ(α+, α−, x′, y), then
by (3) of Lemma 2.2, Cρ(α+, α−, x, x′) = 1 which implies x = x′ by (2) of
Lemma 2.2. Moreover, (5) of Lemma 2.2 implies Fρ preserves the ordering
and therefore it is a homeomorphism onto its image. Finally, Fρ(x) → ∓∞
as x→ α± and (α+, α−) is connected if S is closed. 
Now we give the proof of Theorem 3.1.
Proof of the Theorem 3.1. The proof follows the same steps as that in Vlamis-
Yarmola ([11], section 6). We give a sketch of the proof for the convenience
of the reader and more details can be found in [11], section 6.
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We fix a boundary component αj . Let U ⊂ H2 be the universal cover of
Σ so that ∂pi1Σ = ∂∞U = U¯ ∩ S1. Then S1 \ ∂∞U is a disjoint union of
intervals of the form I˜β = (β−, β+) such that there is the following one-to-one
correspondence
{Components I˜β of S1 \ ∂∞U} ←→
⊔
1≤q≤k
pi1Σ/Hq.
This correspondence can be seen by looking at the action of pi1Σ on H2.
Since Fρ : (α+j , α
−
j )→ R is increasing, R \ Fρ(∂∞U) is a disjoint union of
intervals Iˆβ = (Fρ(β−), Fρ(β+)). Furthermore, we have
Fρ(αj · x) = Fρ(x)− `ρ(αj).
Set T = R/`ρ(αj)Z and let pi : R → T be the projection map. Define
Iβ = pi(Iˆβ) and we have the following one-to-one correspondence
{Components Iβ of T \ pi(Fρ(∂∞U))} ←→
⊔
1≤q≤k,q 6=j
Hj\pi1Σ/Hq.
If λ is the Lebesgue measure on R, then
λ(Iβ) = Fρ(β
+)− Fρ(β−) = logCρ(α+j , α−j ;w · α+j , w · α−j )
where w is a double coset representative corresponding to Iβ .
Therefore, for boundary αj , we have
`ρ(αj) = λ(T) = λ(pi(Fρ(∂∞U))) +
∑
β
λ(Iβ)
where λ(pi(Fρ(∂∞U))) = 0 by Proposition 3.3 and the fact that pi ◦ Fρ =
pi◦logCρ is differentiable. The identity is obtained by summing over αj ’s. 
4. Hausdorff dimension of limit sets
In this section, we summarize tools and estimates from Pozzetti-Sambarino-
Wienhard’s paper [10] that we will need to prove the convergence criterion
in the next section.
Let Γ be a hyperbolic group and consider a (1, 1, 2)-hyperconvex Anosov
representation ρ : Γ→ PGL(n,C). One of the main theorems in their paper
is to show that the Hausdorff dimension of the limit set equals the critical
exponent of some Poincaré series, which is an analogue of Sullivan’s theorem
in the context of Kleinian groups.
Theorem 4.1 ([10]). We have
ha1ρ = H.dim(ζ
1(∂Γ) ≤ H.dim(P(C2)) = 2
where ha1ρ is the critical exponent of the Poincaré series
(4.2) η(s) =
∑
γ∈Γ
(
σ2
σ1
ρ(γ)
)s
and σi’s are the singular values of ρ(γ).
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We start by recalling the definition of distance on projective spaces.
4.1. Distances on Grassmannians. Let V be a finite dimensional vector
space over C and denote by Gk(V ) the Grassmannian of k-planes in V . Then
for P,Q ∈ Gk(V ), we define the distance d on Gk(V ) by
d(P,Q) = max
v∈P ∗
min
w∈Q∗
sin∠(v, w)
where P ∗ = P \{0}, Q∗ = Q\{0} and ∠(v, w) is the unique number in [0, pi]
such that sin∠(v, w) = ||v∧w||||v||·||w|| .
4.2. Cone types at infinity. Given γ ∈ Γ, the cone type of γ ∈ Γ is defined
by Cannon as
C(γ) = {η ∈ Γ | |γη| = |η|+ |γ|}.
If Γ is a free group of rank n, then Γ has 2n + 1 cone types, i.e. C(e)
and C(g±i ) for i = 1, · · · , n. Moreover, if e 6= γ ∈ Γ, then C(γ) = C(gi) (or
C(γ) = C(g−1i )) if the last letter of γ is gi (or g−1i ).
We associate to every cone type C(γ) a subset of ∂Γ, the cone type at
infinity, by considering limit points of geodesic rays starting at the identity
and contained entirely in C(γ), i.e.
C∞(γ) = {[(αi)] | (αi) is a geodesic ray with α0 = e, αi ∈ C(γ)}.
Since there are only finitely many cone types, we have a finite cover of ∂Γ
by C∞(γ).
With cone types at infinity, we consider the following cover of ∂Γ which
serves as Sullivan’s shadows.
Lemma 4.3 ([10], Lemma 2.3). Given T > 0, the family of open sets
UT = {γC∞(γ) | |γ| ≥ T}
defines an open cover of ∂Γ.
The following lemma gives an upper bound for the diameter of the set
ζ1(γC∞(γ)) in terms of the ratio of singular values of ρ(γ). As a consequence,
the critical exponent ha1ρ is an upper bound for the Hausdorff dimension.
Lemma 4.4. Let ρ : Γ→ PGL(n,C) be projective Anosov. Then there exists
δ > 0 such that
diamζ1(γC∞(γ)) ≤ 2
δ
σ2
σ1
(ρ(γ)).
Proof. The proof is given in Lemma 4.2 and the proof of Proposition 4.1 in
[10]. 
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4.3. Locally conformal points and thickened cone types at infinity.
To show that the critical exponent ha1ρ is also a lower bound for the Haus-
dorff dimension, Pozzetti-Sambarino-Wienhard introduced locally conformal
points in the boundary of the group ∂Γ which detects local conformality of
the projective action.
Definition 4.5. Let ρ : Γ→ PGL(n,C) be projective Anosov. We say that
x ∈ ∂Γ is a (ε, L)-locally conformal point of ρ if there exists a geodesic ray
{αi} in Γ based at the identity with end point x such that
(1) for all big enough i, p2(αi) = p2 does not depend on i,
(2) for every i > L and for every z ∈ C∞(αi), one has
sin∠(ζ1(z)⊕ ρ(α−1i )ζ1(x), Ud−p2(ρ(α−1i )) > ε.
where p2(αi) is the index of the second gap of the eigenvalues of αi.
To prove the lower bound on Hausdorff dimension, the authors considered
coverings of ζ1(∂Γ) obtained by translating thickened cone types at infinity
that we define now.
Let ρ : Γ → PGL(n,C) be projective Anosov. Since there is a posi-
tive lower bound on the distance of attractors and repellers of geodesic rays
through the origin, define the least angle δρ by
δρ = inf sin (∠(U1(ρ(αk)), Ud−1(ρ(α−m)))
where (αi) is a biinfinite geodesic through the origin, and k,m > L for L
large. The thickened cone type at infinity X∞(γ) is a δρ/2-neighbourhood of
ζ1ρ(C∞(γ)) in ζ1ρ(∂Γ), i.e.
X∞(γ) = Nδρ/2(ζ
1
ρ(C∞(γ))) ∩ ζ1ρ(∂Γ).
The next proposition provides an estimate for the distance between two
points in the projective space which will be useful to us. In our case, x and
y in the following proposition will play the role of translates of the two fixed
points of a boundary element in ∂Γ.
Proposition 4.6 ([10], Proposition 5.9). There exists a constant c1 depend-
ing only on ρ such that if L is big enough and {gi} ⊂ Γ is a geodesic ray
with endpoint x which is locally conformal, then for every y ∈ ∂Γ such that
ζ1ρ(y) ∈ ρ(gn)X∞(gn) \ ρ(gn+L)X∞(gn+L), we have
d(ζ1ρ(y), ζ
1
ρ(x)) ≥ c1
σ2
σ1
(ρ(gn+L)).
Following this proposition, the authors showed that the critical exponent
is also a lower bound for the Hausdorff dimension of the limit set, provided
the existence of “abundant” local conformal points.
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4.4. Hyperconvexity and local conformality. The link between hyper-
convexity and local conformality is provided in the following proposition,
which states that hyperconvexity guarantees the abundance of local confor-
mal points.
Proposition 4.7 ([10], Proposition 6.7). Let ρ : Γ→ PGL(n,C) be (p, q, r)-
hyperconvex. Then there exist constants L, ε such that for every α ∈ Γ with
|α| > L, for every x ∈ C∞(α) and every y ∈ (ζq)−1X∞(α), it holds
sin∠(ζp(x)⊕ ζq(y), Ud−r(ρ(α−1)) > ε.
5. Complexified identities
The goal of this section is to prove the following complexification of our
identities.
Theorem 5.1 (Complexified identities). Let Σ be a connected compact ori-
ented hyperbolic surface with geodesic boundaries a1, · · · , ak whose double has
genus at least 2. Let α1, · · · , αk ∈ pi1Σ represent the free homotopy classes of
a1, · · · , ak. If ρ0 : pi1Σ → PGL(n,R) is a real (1, 1, 2)-hyperconvex Anosov
representation and ρ is in the same path component as ρ0 in S<1, then
(5.2)
k∑
j=1
`ρ(ρ(αj)) =
k∑
j,q=1
∑
w∈Lj,q
logCρ(α
+
j , α
−
j ;w · α+q , w · α−q ) mod 2pii,
where α+j , α
−
j are the attracting and repelling fixed points of αj, respectively.
Moreover, the series converges absolutely.
We obtain the complexified identity via analytic continuation as we de-
form a real (1, 1, 2)-hyperconvex Anosov representation into the PGL(n,C)-
character variety.
The main technical problem for analytic continuation to work is the con-
vergence issue of the right-hand-side series in our identity. It turns out that
for a (1, 1, 2)-hyperconvex Anosov representations ρ : pi1Σ→ PGL(n,C), the
right-hand-side series is absolutely convergent if the Hausdorff dimension of
the limit set ζ1ρ(∂pi1Σ) is strictly smaller than one. Denote by S<1 the sub-
space of ρ ∈ S such that the Hausdorff dimension of the limit set is strictly
smaller than one. We prove that the right-hand-side series is uniformly
convergent on compact subsets of S<1 and therefore defines a holomorphic
function on S<1.
The proof of absolute convergence of the series uses techniques developed
by Pozzetti-Sambarino-Wienhard. We show that if the double coset repre-
sentative w is a long word, then the absolute value of the term associated to
w in the series is bounded above by the diameter of ζ1(wC∞(w)), which is
bounded above by some constant multiple of σ2σ1 ρ(w) by Pozzetti-Sambarino-
Wienhard.
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5.1. The left-hand-side of the identity. First we show that the left-
hand-side of the identity behaves well under deformation.
Lemma 5.3. Let ρ0 : pi1Σ → PGL(n,R) be a real (1, 1, 2)-hyperconvex
Anosov representation with `ρ(ρ(g)) real positive for all g ∈ pi1Σ. Then
Re(`ρ(ρt(g))) > 0 for all g ∈ pi1Σ when analytically continued along a path
ρt in S.
Proof. If there were some t and some g ∈ pi1Σ such that Re(`ρ(ρt(g))) =
0, then it would contradict the fact that the representation is projective
Anosov. 
5.2. Convergence theorems. In this subsection, we first give a conver-
gence criterion which gives us a subset of S on which the right-hand-side
series makes sense. Our criterion states that the series in (5.2) converges
absolutely if the Hausdorff dimension of the limit set ζ1(∂pi1Σ) is strictly
less than one. The idea of the proof is to show that the tail of our series is
bounded above by some constant multiple of the tail of the Poincaré series
η(s) as in (4.2). Then we prove that the right-hand-side series is uniformly
continuous on compact subsets of S<1.
Proposition 5.4 (Convergence criterion). If ρ : pi1Σ → PGL(n,C) is a
(1, 1, 2)-hyperconvex Anosov representation, the series in (5.2) converges ab-
solutely if the Hausdorff dimension of the limit set ζ1(∂pi1Σ) is strictly less
than one.
The following two lemmas constitute the proof of Proposition 5.4. We
start with some notations. Fix two integers j, q ∈ {1, · · · , k}. Denote by
ϕ = ζn−1ρ (α
+
j ), ϕ
′ = ζn−1ρ (α
−
j ), w
+ = ω = ζ1ρ(w · α+q ) and w− = ω′ =
ζ1ρ(w · α−q ). Then by definition,
Cρ(α
+
j , α
−
j ;w · α+q , w · α−q ) = [ϕ,ϕ′, w+, w−]FGW .
Since ϕ 6= ϕ′, we conjugate the representation and choose a basis {em}nm=1
of Cn such that the lifts (in Cn∗ and Cn) ϕ¯, ϕ¯′, ϕ¯ω,ω′ and ϕ¯′ω,ω′ are as follows:
ϕ¯ = e∗1, ϕ¯
′ = e∗2, ϕ¯ω,ω′ = e2 + u¯, ϕ¯
′
ω,ω′ = e1 + u¯
′
where u¯ and u¯′ are vectors in Span(e3, · · · , en). Note that ϕ¯ω,ω′ and ϕ¯′ω,ω′
form a basis for the plane spanned by ω¯ and ω¯′.
Therefore ω¯ and ω¯′ can be written as
ω¯ = λ′ϕ¯′ω,ω′ + λϕ¯ω,ω′ and ω¯
′ = µϕ¯′ω,ω′ + µ
′ϕ¯′ω,ω′ .
With respect to the coordinate basis {ϕ¯′ω,ω′ , ϕ¯ω,ω′}, in the projective line
(ωω′), ϕω,ω′ has projective coordinate [1,∞ = 1/0], ϕ′ω,ω′ = [1, 0], w+ = ω =
[λ′, λ] = [1;λ/λ′] and w+ = ω = [µ′, µ] = [1;µ/µ′].
Therefore,
Cρ(α
+
j , α
−
j ;w · α+q , w · α−q ) = [ϕω,ω′ , ϕ′ω,ω′ , w+, w−] =
w−
w+
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where w+ = λ/λ′ and w− = µ/µ′.
Lemma 5.5. Take the principal branch of log. If w ∈ Lj,q with |w| large,
then ∣∣∣∣ log w−w+
∣∣∣∣  d(w+, w−)
where d is the distance on P(Cn) (see subsection 4.1).
Proof. Since log(1+z) =
∑∞
n=1
(−1)n+1
n
zn for |z| < 1, for |z| small, | log(1+
z)|  |z|. Therefore, for |w| large, we have∣∣∣∣ log w−w+
∣∣∣∣ =∣∣∣∣ log(1 + w− − w+w+
)∣∣∣∣ ∣∣∣∣w− − w+w+
∣∣∣∣.
The term |w+| is uniformly bounded for all w. Indeed, for each w, |w+| is
bounded above and below as there is the least angle between repellers and
attractors so that w+ and w− can not be arbitrarily close to ϕ¯ω,ω′ and ϕ¯′ω,ω′ ,
and the limit set is compact.
On the other hand, the projective distance d(w+, w−) is comparable to
the angle between w+ and w− since sinx  x for x small. Moreover, on the
projective line, the angle between w+ and w− is comparable to |w+ − w−|.

The following lemma proves Proposition 5.4.
Lemma 5.6. For each j, q = 1, · · · , k, the series∑
w∈Lj,q
w+ − w−
is absolutely convergent if the Hausdorff dimension of the limit set is strictly
less than one.
Proof. For any word w ∈ Lj,q, by definition of cone type at infinity C∞(w),
w · α+q and w · α−q are contained in wC∞(w). Then w+ = ζ1ρ(w · α+q ) and
w− = ζ1ρ(w · α−q ) are contained in the set ζ1ρ(wC∞(w)) ⊂ P(Cn).
Then for w with |w| ≥ T where T is given in Lemma 4.3, we have
d(w+, w−) ≤ diamζ1(wC∞(w)) ≤ c1σ2
σ1
(ρ(w))
for some constant c1 > 0. The last inequality follows from Lemma 4.4.
Then it follows that∑
|w|≥T
∣∣∣∣log w−w+
∣∣∣∣ ≤ c ∑
|w|≥T
d(w+, w−) ≤ cc1
∑
|w|≥T
σ2
σ1
(ρ(w)).
Therefore, if the Hausdorff dimension is strictly less than one,
∑
|w|≥T
σ2
σ1
(ρ(w))
is finite and therefore the series is absolutely convergent. 
Next, we prove that the right-hand-side series is uniformly convergent on
compact subsets of S<1.
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Proposition 5.7 (Uniform convergence). Let ρt : pi1Σ → PGL(n,C), t ∈
[0, 1] be a deformation of a real (1, 1, 2)-hyperconvex Anosov representation
ρ0 in S<1. Then the series in (5.2) is uniformly convergent on [0, 1].
Proof. The proposition follows from the proof of the convergence theorem.
Since the absolute series is uniformly bounded above by the Poincaré series∑
γ∈pi1Σ
σ2
σ1
(ρt(γ)), which is continuous on [0, 1], it is uniformly bounded.
A uniformly bounded sequence of holomorphic functions which converges
pointwise (by Proposition 5.4) converges uniformly. 
5.3. Analytic continuation.
Proof of Theorem 5.1. Let ρt in S<1 be an analytic deformation of ρ0. By
Lemma 5.3, the analyticity (in ρ) of limit maps ζ1ρ , ζn−1ρ (see [3], section 6 or
[2] section 6) and Proposition 5.7, each side of identity 5.2 is a holomorphic
function on S<1 (up to 2pii). In a neighbourhood U of ρ0, the identity holds
on an open subset consisting of real (1, 1, 2)-hyperconvex Anosov representa-
tions. Therefore it holds on the entire neighbourhood U . Hence, by analytic
continuation, the identity holds for all ρt (up to 2pii). 
6. Monodromy and topology of the character variety
In this section, we discuss one application of our identities to the topology
of character varieties. As we analytically continue (5.2) along a loop in
S<1 the value of the right-hand-side might change by multiples of 2pii. We
call this the monodromy of the loop and observe that it depends only on
its homotopy class in S<1. Note that the uniform convergence throughout
a compact loop in S<1 implies that only finitely many words can change
monodromy. We will exhibit two loops in S<1 that are not homotopically
equivalent.
Let F2 = 〈a, b〉 be a free group on two generators with A = a−1 and
B = b−1. Let L, x ∈ C be such that x + 1/x = −L. Consider the Schottky
groups ΓL ..= ρ(〈a, b〉) = 〈XL, YL〉 and Γ′L ..= ρ′(〈a, b〉) = 〈X2L, XLY 3L 〉, where
XL =
[
L 1
−1 0
]
, YL =
[
0 x
− 1x L
]
.
In [5], we exhibited two different loops in the PSL(2,C)-character variety
of F2, ΓLt and Γ′Lt by letting
Lt = 5e
2piit, t ∈ [0, 1]
such that ΓL0 = ΓL1 and Γ′L0 = Γ
′
L1
are Fuchsian, and for each t ∈ [0, 1],
the Hausdorff dimension of limit sets ΛΓLt and ΛΓ′Lt are both strictly smaller
than one.
However, these two loops are not homotopically equivalent and the homo-
topy classes of these loops in Sch<1 are distinguished by their monodromy
given in Table 1 in [5]. Here Sch<1 denotes the space of Schottky groups
whose limit set has Hausdorff dimension smaller than one.
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Now let ι : PSL(2,C) → PSL(3,C) be the unique irreducible representa-
tion, i.e. [
a b
c d
]
7→
 a2 ac c22ab ad+ bc 2cd
b2 bd d2

Consider the compositions ι ◦ ΓLt and ι ◦ Γ′Lt , t ∈ [0, 1].
Lemma 6.1. γ = ι ◦ ΓLt and γ′ = ι ◦ Γ′Lt , t ∈ [0, 1] are two loops in S<1.
Proof. First we note that ι ◦ ΓLt and ι ◦ Γ′Lt , t ∈ [0, 1] are two loops since
ΓL0 = ΓL1 , ι ◦ ΓL0 = ι ◦ ΓL1 . Moreover, ι ◦ ΓLt is continuous in t. Same
holds for ι ◦ Γ′Lt .
We show that the two loops are in S<1. If ρ0 : ∂pi1Σ → PSL(2,C) is
a Schottky representation, then ρ = ι ◦ ρ0 is n-Fuchsian. In particular, it
is Anosov with respect to the minimal parabolic subgroup. Therefore, ρ is
(1, 1, 2)-hyperconvex. Moreover, ζ1ρ(∂pi1Σ) has Hausdorff dimension smaller
than one since the map ι is algebraic so that Hausdorff dimension remains
the same. 
Moreover, numerical calculations suggest that γ and γ′ are not homotopic
and their monodromies are summarized in the following table.
Words Monodromy along γ Monodromy along γ′
a 4pi 20pi
b 4pi 12pi
A 4pi 20pi
B 4pi 12pi
ab 4pi 0
AB 4pi 0
aB 0 4pi
bA 0 4pi
Total change 24pi 72pi
Table 1. Monodromy for the loops γ and γ′
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